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Abstract 

Nonlinear conjugate gradient (CG) method is a typical unconstrained optimization method. TAO 
has three implementations of CG method: CG_FR, CG_PR and CG_PRP. In this paper, we 
describe their implementations in TAO and give a test result. 
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1. Introduction 
Nonlinear conjugate gradient method is one of the most useful and the earliest techniques for 
solving large-scale nonlinear optimization problems. Many variants of this original scheme have 
been proposed, and some are widely used in practice. CG method only uses the 
first-order-derivative information of the objective function and need not update the Hessian matrix 
each iterative. 

The algorithms in TAO place strong emphasis on the reuse of external tools where 
appropriate. TAO allows the reuse of toolkits that provide lower-level support (parallel sparse 
matrix data structures, preconditioners, linear solvers) provided in toolkits such as PETSc[13], 
which relies on MPI [6] for all interprocessor communication. In terms of efficiency and 
development time, the advantages are significant [4]. 
2. TAO (Toolkit for Advanced Optimization)  
TAO focuses on the development of algorithms and software for the solution of large-scale 
optimization problems on high-performance architectures. Areas of interest include nonlinear least 
squares, unconstrained and bound-constrained optimization, and general nonlinear optimization. 
The aim is to use object-oriented techniques to produce high-quality optimization software for a 
range of computing environments. 

TAO owes much to the PETSc and has benefited from its experience, tools, and software. In 
many ways, TAO is a natural outcome of the PETSc development. TAO has also benefited from 
the work of various researchers who have provided solvers, test problems, and interfaces. In the 
implementations, TAO makes no assumptions about the representation of these objects by passing 
pointers to data-structure-neutral objects for the execution of these numerical operations [4]. 
3. Nonlinear conjugate gradient methods 
Nonlinear CG methods are widely used for unconstrained optimization, especially for large-scale 
problems. The key property of CG method is that sometimes approaches the solution very quickly 
and requires little storage. The definition of the conjugate is seen [11,pp.102]. 
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where  is a positive symmetric definite matrix, A x ,  and  are vectors in b c nR . We restate 
some theorems about the conjugate gradient method without proof. 
Theorem 1 [12] For (1), CG method with an exact line search terminates at the solution at most n 
iterative steps, where n is the dimension of variables. 
Theorem 2 [11] If A in (1) has only r distinct eigenvalues, then CG method will terminate at the 
solution at most r  iterative steps. 

CG method can compute a new vector by only using the previous vector. The new is 
automatically conjugate to the previous vectors. It’s obvious that CG method requires little storage 
and computation. So it is suited to solve large-scale problems. For the objective function is 
quadratic the CG-preliminary version is seen in [11,pp.108].The basic properties of CG method is 
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seen in [1,pp.189]. For general nonlinear functions, Fletcher and Reeves showed the algorithm for 
the nonlinear unconstrained optimization is as CG_FR[11,pp.120]. In aforementioned algorithm, 
the search direction  is a descent direction and so (2) should be negative. kp
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The line search with the strong Wolfe conditions is applied: 
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where 21 . It can be shown that (4b) implies that (2) is negative and the 
conclusion is that any line search procedure that yields a k  satisfying (4) will ensure that all 
directions  are descent direction for the function , see [11]. 
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In practice, there are many variants of the Fletcher-Reeves method that differs from each 

other mainly in the choice of the parameter . TAO has another two CG methods as following. kβ
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CG algorithms using (5) and (6) are called as Algorithm CG_PR and CG_PRP, respectively. 
For general nonlinear functions, because of the approximation of the algorithm, some 

properties of CG method are violated. Thus it is impossible to obtain convergence in limited 
iterative steps. In practice, if we get the precision required when the iterative  is less than , 

k  is the approximation solution. Otherwise, we restart the iterative, i.e. set k . Because 
the nonlinear CG method is recommended only for large problems, i.e.  very large, in such 
problems, restart may never occur. The most popular strategy is whenever two consecutive 
gradients are far from orthogonal, as measure by the test  
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where a typical value for the parameter ν  is in [0,1]. Another strategy of restart, often used, is if 
(2) is nonnegative. But it will significantly reduce the efficiency of nonlinear CG method if the 
restarts are used frequently, which makes it more like the steepest descent method.  

The global convergence properties of the CG without regular restarts have been studied by 
many authors, including Dai and Yuan [5], [7], [8], Gilbert and Nocedal[9], Yuhong Dai [10] etc. 

4. Implementations in TAO and computational results 
4.1 Implementation of CG 
To implement the nonlinear CG method, TAO chooses to compute the function value and gradient 
in parallelism. We give the implementation of CG_FR as below. 

{… 
/*Get the initial solution xx, and then evaluate the function value and gradient f gg  in 

parallelism. */ 
dx :=0;   /* the descent direction */ 

  gnorm2:=( gggg, );  /* Euclidean norm */ 
  gnorm2Prev=gnorm2;  /* Previous gradient */ 
  0:=β ; restarts:=0;  /* the parameter restarts records the number of restart. */ 
  while(1) 
  {TaoMonitor(…);  /* Check if the convergence conditions are satisfied ,then record the 

information about iterative and solution, and stop; otherwise continue. */ 
          =:β gnorm2/gnorm2Prev; :=dx gg− + dx⋅β ; gdx:=( ,dx gg ); 
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          if(gdx>=0)  /* If  is not a descent direction, use gradient and restart.*/ dx
           { 
             :=dx gg− ; restarts:=restarts+1; 0:=β ; 

           } 
      gnorm2Prev=gnorm2; step=1.0; /* the initial line search step */ 

TaoLineSearchApply(…);  /* The line search routine searches the new xx along the 
search direction dx  and returns new function value, new gradient 
gg and optimal step */ 

      gnorm2:=( gggg, ); 
  }…} 
The norm of the gradient is a standard measure used by the solvers to define convergence 

conditions. This quantity is always nonnegative and equals zero at the solution. The solver will 
pass this quantity, the current function value, the current iteration number, and a measure of 
infeasibility to TAO with the routine TaoMonitor(…). Nonlinear conjugate gradient algorithms 
require a line search. TAO provides several line searches and support for using them. The routine 
TaoLineSearchApply(…) passes the current solution, gradient, and objective value to the solver 
and returns the corresponding new ones. More details on line searches can be found in [4]. 
   In the entire implementation of CG, no assumptions are made about the representations of data 
in the vectors and matrices. This approach eliminates some of the barriers in using independently 
developed software components by accepting data that is independent of representation and 
interfacing to numerical routines with appropriate data formats. 
4.2 Computational Result 
The elastic plastic torsion problem tested arises from the determination of the stress field on an 
infinitely long cylindrical bar, which is equivalent to the solution of the following problem [3]: 
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The ),( Ddist ∂⋅  is the distance function to the boundary of D , and )(1 DH 0  is the Hilbert space 
of all functions with compact support in D  such that v  and 2v∇  belong to )(2 DL . In this 
experiment,  c  is selected to be 5.0. 2211  is a rectangle in ),(),( ululD ×= 2R . Vertices 

ji ,  for a triangulation of Dz ∈ D  are obtained by choosing grid spacing hx  and yh , and 
defining grid points  
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Note that in this formulation the quadratic  is defined only when L
jiq , xni ≤≤0  and 

nj ≤≤0 ,while Uq  is defined 10 +≤≤ ni  and 10 +≤≤ nj . y ji, x y
The results of the experiments appear in Table 1. TAO implementations are tested on an 

82-node Dawning 2000-II with the AIX4.2.1 operating system. CG_PR and CG_PRP in TAO 
have some differences. In CG_FR, the only restart condition is (2) is nonnegative. In CG_PR, (6) 
is added to judge restart. In CG_PRP, (6) and (7) are both added to judge restart.  
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It’s fair to compare the three CG implementations to set the same parameters required. 
Specifically, we use grid with 1000 points in each direction of two, leading to a problem with 
1000,000 variables. The initial point, parameter and tolerance are the same for each solver. 

Table 1: Performance of CG methods on Dawning 2000 
 time (speedup) 

np 1 2 4 8 16 32 64 

tao_cg_fr 
2885.63 

(1.00) 

1563.89

(1.85) 

862.16 

(3.35) 

483.48

(5.98) 

276.80 

(10.42) 

176.93 

(16.4) 

95.52 

(30.06) 

tao_cg_pr 
3060.88 

(1.00) 

1625.87

(1.88) 

835.25 

(3.67) 

652.20

(4.69) 

305.20 

(10.04) 

180.79 

(16.91) 

100.40 

(30.61) 

tao_cg_prp 
3061.96 

(1.00) 

1631.86

(1.88) 

1115.34

(2.75) 

589.37

(5.2) 

299.19 

(10.24) 

198.36 

(15.46) 

121.14 

(25.31) 

 

 Efficiency 
np 1 2 4 8 16 32 64 

tao_cg_fr 100% 92.5% 83.75% 74.75% 65.13% 51.25% 46.97% 

tao_cg_pr 100% 94% 91.75% 58.63% 62.75% 52.84% 47.83% 

tao_cg_prp 100% 94% 68.75% 65% 64% 48.31% 39.55% 
The results in Table 1 are noteworthy that due to the low memory requirements of iterative 

solvers, the problem can be solved with only one processor. These results show that the CG 
implementations have good efficiency, ranging between 40% and 100%. We have noted that as np 
increases, the overall efficiency decrease. For this particular problem, the efficiency of CG method 
is acceptable for np≤ 16 processors but drops rapidly with more processors. At every loop, 
CG_PR and CG_PRP have to judge restart, so they need a little more time than CG_FR does 
shown in Table 1, in which np stands for number of processors. The time unit is second. 
5. Conclusion and Discussion 

We have simply described several variants of nonlinear conjugate gradient methods. Also we 
have shown that TAO design leverages external parallel computing infrastructure and linear 
algebra toolkits to solve large-scale optimization problems on high–performance architecture. 
TAO extends to general optimization, but the performance issues are more subtle due to the 
impact of user-supplied function, gradient and Hessian (some algorithms required) code.  
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